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Goal

» Apply time-dependent reliability/durability
concepts to address prognostic CBM using

* Available data (limited, censored)
« “Expert” opinion

e Computer simulations (physics-of-failure
data)
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What is Reliability?

Reliability at time t is the probabillity that the system
has not failedbefore time t.

fall
_lailure

%
0 t T

R(t)=P(T >t)=1-P(T <t)

time

Time-Dependent
Reliability

\/
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Background Information

SPL (1)
Stress (1)

Time t )
Random Field

Response(t) = f [ E(t), Degradation/Wear(t), Load(t]

Random Processapproach to reliability-based
design is needed= time-dependent reliability

Limit States: g(;((t)th)

Random/ Random
Process Variable
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s What can we Get from Time-
Dependent Reliability?

» Define lifecycle cost and Quality
design for it.

» Use R() in CBM to determine
“time to maintenance.”

Acceptable

R(t) Y
Reliability

» Design for: %
e Lifecycle cost %
e Quality ;
e Warranty / | Time
* Maintenance schedule Time for

Maintenance
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Ol Definitions / Observations

Reliability: Ability of a system to carry out a function in a tme period [O, t ]

p¢ =P(t<t )=F°(t,) Prob. of Time to Failure

Cumulative
Prob. of Failure

Fe(t )=P(@Ofot, ],such that g(X(t)t)<0)

Instantaneous Prob. of Failure

Time-Variant Reliability

# 0 b time
I I\

Fe(t,)
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Design for Lifecycle Cost

Lifecycle Cost= Production Cost

Inspection Cost

ected Variable Cos

Quality Time-Dependent System Reliability

Accurate and efficient predictive tools are neeegstimatelime-
dependent System Reliability
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e Design for Lifecycle Cost
c,(d,x,t,,r)=C,(d,X)+C, (d,X,t,)+CE(d, X, t, ,r)

Lifecycle Production Inspection \ Expected
Cost Cost Cost Variable Cost
Final time Interest rate

c:(d,x,tf,r):tg%(t)elnf:{)dt

Cost of failure PDF of time to
at time t failure time

Fe(t )=P(aOfot, ],such that g(X(t)t)<0)
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Freme How Can we Use it in Design?

» Specify a Desired System Reliability in Time

Target System
Reliability

Fa(d,X.t) < pi (6)

Felaxt)soil)

d, <d<d, ’ .
tl Time I tf

By, SHy SHy

Gy SO0y =0,
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D) How Can we Use it in Design?

e |

» Determine Optimal Time to Maintenance in CBI\/I

Mmax t
d,uy .0y Acceptable

Reliability R (’[ )

5.t C (dumg.oy0ty 1)SCL |
Fe(d, X,t, ) <1-R'(t,, ) E?
d, <d<d, %
My, Sy S Py L _ »
Gy SOy <0, /tM " t

Time for
Maintenance
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PDF |

MTBE  TTF

Comp. 1

PDF |

Vehicle

Comp.n
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We Need

> A Tool to Estimate the PDF of Time Between
Failures (TBF) using limited, censoreadata

* “Frequentist” approach (Method 1)
e Bayesian updating approach (Method 2)
v “Enhances” data with expert opinion
» A Tool to Estimate System (Vehicle) Reliability

e Monte Carlo Simulation

UNCLASSIFIED: Dist A. Approved for public release 12



Reliability Basics for
Non-Repairable
Systems
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Reliability of Non-Repairable System

failure
e

: : 2 —
0 t T fime

Rt)=P(T >t)=1-P(T <t)=|R({t)=1-F(t)| (@)

~ P(t<T <t+dt/T >t)_ P(t<T £t+dt)_

Fanﬁﬁrg)_ dt ~dtoP(T>t)
Rate +dt)- f
) F(tdt the(t)F(t) =0 :% )
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2\ o

=)

Reliability of Non-Repairable System<ss

| | x/failure .
0 ! T time
due to (2)
Rit)=1-F(t)= TR =+ (t):/ﬁ - —AD)R(t) =
ot dt
IR Jdt= d(InR)= -Adt = |n[@) - —'tf/ldt =
R RO 3
G
: G .
= R(t) = exp[- j Adt] All we need is the
0 failure rate
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: X i tim:e
0 \ AT
Failure Target useful
life
: X 1 —
0 . T time
| % : —
N 0 T time
/](t) 1 ; (’[) N ~— # of failures in At
N, CAt
# of safe
systems at t
At e o o _
=
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Reliability Calculation

All we need for calculating the
reliability of a system (hon-repairable

or repairable) Is the system PDF of
time to failure (TTF)

We use :

» Data to estimate the PDF of TTHor each component

» Monte Carlo simulation to estimate the PDF of TTF
for the system

UNCLASSIFIED: Dist A. Approved for public release 17



Y

Estimation of the PDF (or
CDF) of the TTF (TBF) using
Limited, Censored Data

» Two approaches will be presented:

« Censored MLE approach (Method 1)
e Bayesian updating approach (Method 2)

v “Enhances” data with expert opinion

UNCLASSIFIED: Dist A. Approved for public release 18



D Limited Data

Group L1 | |
Original data Updated data Time Between Failures
Vehicle# mileage Vehicle# milea‘g/e/ (TBF)
10 741 1 10247 \
4 5273 2 9044 , | | | -
!/ 602/ 2 8977 0 6027 12011 17384 20000
5 7398 3 13984
6 7495 3 4064 ) .
2 0044 4 5273 o027 :
1 10247 4 9747 o984
8 12008 5 7398 —
7 12011 5 7611 o373
9 12014 6 7495
10 12074 6 7516 _ _
3 13984 7 6027 Censoring Mileage
5 15009 7 5984
6 15011 7 5373
4 15020 8 12008
7 17384 9 12014
2 18021 10 741
3 18048 10 11333
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Censored MLE Approach (Method 1)

= Using available limited data (TBFs and censoring neage),
“‘estimate” PDF of TBF using acensored MLE approach.

= Tail sample the PDF of previous step to “enhance” the
original limited data.

= Using “enhanced” data from previous step,better
estimate” the PDF of TBF using anuncensored MLE
approach.

= Using the PDF of previous step, &ootstrap approach
estimatesstatistics of TBF (e.g. distribution of MTBF,
distribution of TBF standard deviation, etc.)

UNCLASSIFIED: Dist A. Approved for public release 20
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Bayesian Updating Approach (Method 2) =

= Use aBayesianapproach to estimatestatistics of TBF(e.qg.
distribution of MTBF, distribution of TBF standard deviation,
etc.). The Bayesian approach:

» Refines estimate byprogressivelycollecting data on a
*as needed” basis.

» Allows fusion of available data with“expert” opinion.

UNCLASSIFIED: Dist A. Approved for public release 21




Notation

Group L1 | |
Original data Updated data Time Bet¥v§§n Failures
Vehicle# mileage Vehicle# milea‘g/e/ ( )
10 741 1 10247
4 5273 2 9044 , . . . "
7 B0z7 2 8977 0 6027 12011 17384 20000
5 7398 3 13984
6 7495 3 4064 « >
> 9044 4 5273 o027 o .
1 10247 4 9747
8 12008 5 7398 —
7 12011 5 7611 9373
9 12014 6 7495
10 12074 6 7516 W
3 13984 7 6027 tailed
dM dM d :
5 15009 7 5984 Pheus N+ L ; M, !
6 15011 7 5373 i y; I,V_;,I_ M-('l P > >
4 15020 8 12008 ’ : - : L %Mdmed
7 17384 9 12014
2 18021 10 741
3 18048 10 11333
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Observation / Assumption

mzﬁea" -
dM, -
< > < *l .. |
M M
@ ! M razﬁea’
threshold

dM. = X, ~ B(A B, p.q), (As X, <B,andp>0,q>0)

f(x,AB,p.afFAs(pa)” (x-A)"(B-x)""/(B- A", (A<x<B,and p>0,q>0)

Beta Distribution
6.0E-05 - 1.2
| —PDF —CDF |

5
£ 5.0E-05 | +1
< S A=0
> 4.0E-05 - +08 3
£ 24
59 22 .
T = - g 4 © —
£ Eaoco i B=45,000 miles
: 23
S 2.0E-05 - 104 55
o) E =
: 3 =3,0=5
< S P=9o,(=

1.0E-05 - +0.2

0.0E+00 ‘ : ‘ ‘ 0

0 10000 20000 30000 40000 50000
Mileage

UNCLASSIFIED: Dist A. Approved for public release 23



Observation / Assumption

= Beta distribution family is used to model TBF

35

Beta distributed PDF
T I

A=0, B = 30000
f(x A B, p.aFs(p.a)" (x-A)"(B-x)"/(B-A)"", (A<x<B,andp>0,q>0)

UNCLASSIFIED: Dist A. Approved for public release 24



MLE Approach

Determines parameters 4\, B, p, q) of “most likely” Beta
distribution using available data. It provides Likelihood
function in Bayesian estimation.

Censored MLE

# of recorded

failures \N / # of survivals
Max [1(x.AB.p. |:l[1 (A8 )
Beta PDF Beta CDF

Uncensored MLE

N

Max |_1| f(x,AB,p,q)

AB,p,q

UNCLASSIFIED: Dist A. Approved for public release 25



Bayesian Updating
» Progressively updates estimate&eta parameters (A, B,

0, 0) usingprior knowledge and availablenew data

> It allows to “fuse’ available data with expert opinion.

Posterior (8) O L(6/ DATA)CPrior(8) | with 6={A B p ¢}

where:
ailures survivals

DATA= {DATA:»/ DATAY
and

Ne

L(0/ DATA) = L(6/ DATA, )L(0/ DATA) =[] f (x ,9)|_N‘_S| -F(x;,0)

UNCLASSIFIED: Dist A. Approved for public release 26
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O NSO

Censored MLE Approach (Method 1)

Enter recorded failure data
Data sorting
Histogram of recorded failure data

Maximum Likelihood Estimation (MLE) with
censoreddata

Tail sampling to get inferred failure mileage
Histogram of both recorded and tailed failure daa
MLE with uncensored data (considering tailed data

Failure probability boundsare calculated by
Bootstrap method

UNCLASSIFIED: Dist A. Approved for public release 27



Censored MLE Approach (Method 1)
1. Enter recorded failure data

M resholg =30,000 miles

dM. =X, ~ 8(A B, p.g), (A<X <B,andp>0,q>0)

e Artificial data used: 15 vehicles, 4 tires each se]

* Beta distribution: A=0,B=45,000p=3,andq=5

A B D E F H I K
PROCEDURE| Method Counts Counts Buttons Options
Data Sorting [ -

5 Tail Sampling | 0
4 Mihreshold 20000 Recorded Failure Data Sorted Failure Data Survival Data
g Yehicle Mo, | Tire Location | Qdometer Mileage | Failure Mode | | Wehicle | Tire | Odometer Mileage | Failure Mode | Failure Mileage | Survival Mileage | Tailed Failure Mileage
G 7 L4 21764.83086 Yy
7 4 F1 25169.7207 W
] 12 R2 1913291602 W
] F L1 18305.94727 WO
10 ] R2 2823119336 W
11 ] L3 10868.71875 W
12 14 L3 19211.23633 W
13 g R3 14433.77148 W
14 13 L4 10622.083588 W
15 10 L2 11497 66406 W
16 1 R4 13365.61914 RH
17 12 L4 19039.30664 W
M« » w[% Demo Data % Failure Data ;/ Data Analysis £ Beta Dist / Resampling Tab 4 Bayesian Updating £ GA Solver / output generations / warnings /] 4| | ]

UNCLASSIFIED: Dist A. Approved for public release
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Censored MLE Approach (Method 1)
2. Data sorting

mileage” data (120

» Sort recorded failure data (white cells)
» Retrieve “failure mileage” data (164) and “survival

A B ] F H I K

PROCEDURE| Method Counts Counts Buttons Options
5 Tail Sarmpling 0
4 Mihreshold 30000 Recorded Failure Data Sorted Failure Data Survival Data
g Yehicle Mo, | Tire Location | ©dometer Mileage | Failure Mode | | ¥ehicle | Tire | Odometer Mileage | Failure Mode | Failure Mileage | Surival Mileage | Tailed Failure Mileage
] 7 L4 21764.88086 W) 1 L1 7921 Wi 7921
7 4 F1 28169.7207 WD 1 L1 27055 WD 19134 2945
] 12 Rz 19132.91602 WD 1 Lz 135983 WD 13983 16017
| G L1 18305.94727 WD 1 L3 8959 WD 894949
10 5 Rz 28231.19336 WD 1 L3 26431 WD 17432 35649
11 ] L3 10868.718745 Wi 1 L4 S561 Wi 5961
12 15 L3 19211.23633 WD 1 L4 24F38 WD 14677 5362
13 ] 3 14433.77148 WD 1 F1 21269 WD 21269
14 13 L4 10622.08398 WD 1 F1 28519 FH 7240 1481
15 10 L2 11497 66406 WD 1 Rz 20666 WD 206ER 9334
16 1 R4 1336561914 FH 1 R3 16643 Wi 16643
17 12 L4 190359.30664 WD 1 3 244985 WD 8342 5014

M 4 » w[% Demo Data “Failure Data ¢ Data Analysis / Beta Dist / Resampling Tab 4 Bayesian Updating 4 G& Solver / output generations ¢ warnings /| « |

| ol

UNCLASSIFIED: Dist A. Approved for public release
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« Censored MLE Approach (Method 1)

3. Histogram of recorded failure data

» Considers failure mileage data

« DOES NOT consider survival mileage data

» Histogram shape may change with different number obins and ranges
« Histogram, PDF, and CDF of the failure data

A B C ] E F G H | J k. L fl [+
1 | ¥ehicle | Tire |Mileage] Mode ] Survivals Failures Min Mileage | Max Mileage Mean Std Dew Skewness kurtosis | Confidence Level |Resamplings
2 1 L1 | 7921 | WO 120 161 892 30000 14958 q842 0.2655 0.3547 0.8 5000
i 1 t; 13;;; Eg PROCEDURE Pararn Estimates (Likelihood) | Eam Estimates_{E}{plicit} | Bootstrap | Ey_esian Update
s 1 | L3l gg99 | wo Histogram No.ofBing| 30 | Distib. Type| Beta | Mieagetofailure=] P
B 1 L3 [ 17432 | WD a0 Mileage 1| Frequency| Data PODF | Data CDF 14000
7 1 L4 | 9961 WD 1] 1] 0.00E+0O0 0.0000
a 1 L4 | 14677 | WO E 1000 1 B.21E-06 00062
4 1 RF1 | 21269 | WO = 2000 1] 0.00E+00 0.0062
10 1 R1 | 7250 FH E.; 2000 1] 0.00E+0O0 00062
11 1 R2 | 20666 | WO b 4000 3 1.86E-04 00248
12 1 Fa | 16643 | WO C D b b D oD oA oo oo oo a0oo n 0.00E+00 n.oz4g
13 1 R3 | 8342 WD = 2 2 2 5 8 &8 8 8 8 OO0 4 2.48E-04 0.0497

[a] w m [ ] (Y] w — = - [

14 1 R4 | 13366 | RH A R L Fooo 3 1.86E-05 n.0ga3
15 1 R4 | 16564 | RH Tire failure Mileage 2000 g 4 97E-05 01180
16 2 L1 [ 23863 | RH 9000 3] 3.T3E-04 015453
17| 2 Lz | 15470 [ wo Probability Density Function (PDF) 10000 B 3.73E-05 0.1925
18 2 L3 [ 126451 | WO -E." 1.2E-04 | r‘mm| 11000 11 B.83E-04 02604
Moy W M Dermo Data # Faiure Data bData Analysis / Beta Dist / Resampling Tab Bayesian Updating £ GA Saiver n,{'z outpUt generations £owanings 2|« | ]

UNCLASSIFIED: Dist A. Approved for public release 30



Censored MLE Approach (Method 1)

Histogram
20
o 15 -
£
2 10 4
B
= 5 -
o 4
= = o o O = = = = = =
= o o O = = = = = =
- [ S e R ) = = = = = =
[an} L S v B Y L [n} — =t - =
— — — [} [} [} [an]
Tire failure Mileage
- - . Cumulative Distribution Function (COF)
Probability Density Function (PDF)
1.2E+00
= 1.2E-04
w 1.0E-04 - — — [Data g 1.0E-00 - L
= = s
£ B.OE-05 - f\il i, 2 _EE.EIE-EH . ;I
‘= 4.0E-05 - ]|‘I|,ll Hlljl W E §4.EIE-EI1 i y, — — Data
2 20E-054 A AR <, 0ead 4 Beta
= N M £ o
D.DDE+DD |||||||||||=||||||| SD.DE*'DD S T e e e e e e e S B B

o L | e e | s o s e | s | s e s | e s { s o
o | e | s} e e e { s e s e e s e
LoD Lo 2L L0 LW LD L L L L
L) P D L LD P D OO - D WO T

e T T OO OO O e = LD

Tire failure mileage

DO T O T T o O T T T

e T T O OO e o e LT

Tire failure mileage

UNCLASSIFIED: Dist A. Approved for public release

31



Censored MLE Approach (Method 1)

4. Maximum Likelihood Estimation (MLE) with censored data

« Considersfailure mileage data
« CONSIDERS survival mileage data as “censored” data

* The beta distributed CDF by MLE with censored data,shows that the
CDF without survival mileage data is left-biased

Histogram
2 Cumulative Distribution Function (COF)
=
[=1]
g 1.2E+00
i
S 1.0E+00 -
S HIEE B8 E B H b~
Te o235 FEHE g = 8.0E-01 A
Tire failure Mileage i
@ SEOE-01
. B B ﬂ -—
Probability Density Function (PDF) ",-_'-,'
= k] - ]
= 10E-04 5 £ 4 0E-01
= — — Data —
g otEesy - B " 20601 -
';E.DE-DE- J M E
= 4.0E-05 — 0.0E+00 T T T T T T T T T T T T T T T 11
s 5 0E-05 J [ e e e e e e s e e
= < e e |
= LI L L L L L L
o 0.0E+00 5 L e O L P =L =L P L
(o o o o i T O e = = L)
o T ¥ s e | e s o s o s { e e e e s e s | }
D S D ST S D DD S . . .
s Tire failure mileage
Tire failure mileage
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Censored MLE Approach (Method 1)

5. Taill sampling to get inferred failure mileage

 Tailed failure mileage data represents inferred fdure
mileage data of the “survived” tires

A

B

PROCEDURE

hethod

D

F &

H

Counts

counts

Buttons

Options

Suniivals

Data Sorting 0
3 [:I
4 Mihrechold aoooa Recorded Failure Data Sorted Failure Data Survival Data
g Yehicle Mo, | Tire Location | ©dometer Mileage | Failure Mode | | Yehicle | Tire | Odormeter Mileage | Failure Mode | Failure Mileage | Survival Mileage | Tailed Failure Mileage
4] 7 L4 21764 88086 Wil 1 L1 792 Wi 792
7 4 R 251697207 WYy 1 L1 27054 Wi 18134 2845 15585
a 12 Rz 1913291602 Wi 1 L2 13983 WD 13983 16017 245272
2| 5 L1 1830594727 WYy 1 L3 a9494 Wi a9494
10 A R2 2823119336 WYy 1 L3 26431 Wi 17432 3564 9610
11 5 L3 1086871874 Wi 1 L4 H961 Wi H961
12 15 L3 1921123633 WYy 1 L4 24638 Wi 14677 5362 12254
13 a R 1443377148 Wil 1 R 212648 Wi 212645
14 13 L4 10622.08398 WYy 1 R 285148 FH 7240 1481 19674
15 10 L2 114497 GEA0G Wi 1 R2 20666 WD 20666 9334 22740
16 1 R4 1336561914 RH 1 R 16R43 Wi 16R43
17 12 L4 19039 30664 WYy 1 R 249845 Wi a342 a01% 104492

M 4 » w% Demo Data % Failure Data / Data &nalysis £ Beta Dist / Resampling Tab / Bayesian Updating / G& Solver / output generations / warnings /| « |

UNCLASSIFIED: Dist A. Approved for public release
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Censored MLE Approach (Method 1)

6. Histogram of both recorded and tailed failure déa
* Includes failure mileage data

* Includes also tailed failure mileage data
* The “tailed” samples may go beyond

the threshold mileage of 30,000
» MLE with censored data fits abeta

distributed CDF to sample data with
tailed mileage

Histogram

Frequency

4122
G244

12367
164549
20611

Tire failure Mileage

24735
2585895
32875
37oao
41222

Probability Density Function (PDF)

E-04

E-05
JOE+00

e e L e R e

Probabhility density
[

E-09 — — [ata
E-05 4
E-05 4

il

|

g — oty
JOE-045 4

il

il

il

S G.0E-01 |

E-05
E-05 4

functi

Cumulative distributon

DDDDDDDDDDDDDDDDDDDDD
mmmmmmmm
thththth
mmmmmmmm

mmmmmmmmmmmm
NNNNNNNNNNNN
FFFFFFFFF

Tire failure mileage

Cumulative Distribution Function {COF)

1.2E+00

1.0E+00 -~
8.0E-01 4

4.0E-01 4 — — Data

2.0E-01 4

0.0E+00 LI L L L L L L L LA N N N D N B B |

o T s | s oo e s o s | s o e
o s o o e o s | s | e s
L LA L L AL AL L O
B e L P T L O L L=

T e o T O O e e e L)

Tire failure mileage
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Censored MLE Approach (Method 1)

/. MLE with uncensoreddata considering tailed
failure data

* Includes both recorded failure data and “tailed” data

« Using MLE with uncensored data,a beta distributed

CDF 1s fitted to the recorded and “tailed” data
 Failure probability is calculated

Probability density

Probability Density Function (PDF)

0E-05
-05
-05
-05
-05
-05
-05
-05
+00

il L I RN
P B e B e B e S e B e e
I'I'II'I'II'I'II'I'II'I'II'I'II'I'I

=
m

— — [ata

. ]

o e | Y e | e s e e s s | s e |
o | e e e | e s s s e e s | e e { s s s e e s |
LS OO 2L LWL S L L LT L S
O P L= L P-- OO O L T LD P

e e T T O DD e e LD

Tire failure mileage

Cumulative distributon

s
=i
=
=

Cumulative Distribution Function (COF)

1.2E+00

1.0E+00 -
8.0E-01
S B.0OE-01 -
4.0E-01
2.0E-01

0.0E+00

— — [Data
Beta

o o s s o o o e e { s { s { s e e s | e o s [}
o e s { e [ s T T s s | s e s e | s |

[ s oY g o 1 1Yo ¥ {10 Y e o e
- O Lo P L= L P L O
e e e L L e L L L s o o gl )

Tire failure mileage

Failure Probability and s Bounds

1.2E+00
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Censored MLE Approach (Method 1)

8. Failure probabillity bounds are calculated using@ootstrap
« Both recorded and “tailed” data are used.
e 5000samples (sets of sample points) are randomly genésd

from the recorded and “tailed” sample.

 Failure probability bounds with confident level of 0.9 are
calculated.

« Statistics of other parameters are provided (meabof failure
mileage, std dev of failure mileage, parametegsand g, and

probability of failure).

J K o | P |

1 Std Dew Skewness kKurtogis | Confidence Level |Resamplings
0.9 5000

i od) | Param Estimates (Explicit) | Elnntstrap Bayesian Lipdate |
; 30 | Distrib. Type] Beta | Mileagetofailure=| P PL P
f | Frequency | Data PDF | Data CDF 15000 JO0ED1 | 351E-01 | 4. 29E-01
7 N 0.00E+00 0.0ooo n 0.00E+00 | 0.00E+00 ( 0.00E+00
a 1 2.59E-06 0.0036 1374 251E04 8.17YE-05 | 6.23E-04
q N 0.00E+00 0.0036 2748 Z267E03 1.24E-03 | 5.02E-03
10 4 1.04E-05 00178 4122 1.02ED02 A.72E-03 | 1.64E-02
11 3 7.7TE-0B 0.0285 4496 2.53E02 1.62E-02 | 3.6TE-02
12 4 1.04E-0%5 00427 BaY0 5.01E02 3.53E-02 | 6.74E-02
13 10 2.849E-05 0.07a3 8244 8.53E02 B.45E-02 | 1.08E-01
14 13 2.3TE-05 01246 G618 1.31E01 1.05E-01 | 1.59E-01
14 16 4 14E-05 01814 109593 1.87E01 1.55E-01 | 2.19E-01
16 18 4 BEE-05 0.2456 12367 2.51E01 216E-01 | 2.86E-01
17 22 5.70E-05 03238 13741 3.22EM 2.84E-01 | 3.59E-01
18 149 4 92E-05 03914 18114 3.97E01 3.88E-01 | 4.35E-01

e -5l

d_FrC_nd

4 =t B W il w |

Probability of failure

Failure Probability and s Bounds

1.2E+00

1 0E+00 -

g.0E-01

G.0E-01

4.0E-01 A

2.0B-01 A

0.0E+00
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Mean of failure mileage Histogram
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5td Dev of failure mileage

Histogram
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Censored MLE Approach (Method 1)

Probabhility of failure Histogram
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Bayesian Updating Approach (Method 2)

» Specify “PRIOR” distribution
» Calculate “LIKELIHOOD” distribution
> Calculate “POSTERIOR” distribution
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@ Bayesian Updating Approach (Method 2) &S

1. Specify “PRIOR” distribution

» “PRIOR source” Option 0: Uniform (non-informative) distribution

» “PRIOR source” Option 3: Normal distribution for each parameter
-- Expert opinion

& B c | Do | E F G H [ J K [ L ] m |
; |DATA source 1 THEORY PROCEDURE Reset PRIOR sourc 3
7 | Parameter 8:=A A8.=8B B=p H4=q Af— Step 1 Parametey gy=A g.=8 d:=p 4= 4q
3 Active 0 0 1 1 Step 2 — Ha 0 45000 3 10
4 =N 1] 45000 1 1 Step 3 PRIOR | Tg N 1] 1] 0.3 1.5
5 Ay I} 44000 10 20 Step 4 LIKELIHOOD | fing
B et 1] 45000 a g Step 5 POSTERIOR | Tl 2
7 Myrig 1 1 100 100 Bhest estimated
a Frecision 2 2 2 2
g Your ‘re updatitng the parameter: 0 titme: HOTHING is finished. |
M 4 » W' DemoData £ Faiure Data 4 Data Analvsis 4 Beta Dist / Resampling Tab % Bayesian Updating ¢ G Solver { output generations £ warmings /[ € >
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=% Bayesian Updating Approach (Method 2)
1. Specify “PRIOR” distribution (Cont’'d)

= “Updated Parameter Distribution Table” and 2-D Diagram
* “PRIOR source” option is automatically set to 1

& B ¢ | Do | E F G H [ J K [ L | ™ |
1 |DATA source 1 THEORY PROCEDURE Reset PRIOR source 1
3 | Parameter g4= g:=8 By=p Ha=q f— Step 1 Parameter gy=A g;= B B:=p Hy4= g
3 Active 0 0 1 1 Step 2 W 0 45000 3 10
4 N ] 45000 1 1 Step 3 T 0 ] 0.3 1.5
5 By ] 45000 110 20 Step 4 Ming
5 B et 0 45000 3 g Step POSTERIOR | i 2g
7 Myri 1 1 100 100 Phest estimated
] Precision 2 = 1 2 2
q / wwdaﬁng ihe parameters 1 st tme: PRIOR is firishecd. |
110
11 / Updated Parameter Distribution Table\
1y’Grid Paoint ID g1=4 H2:=5 23=p B4=q Prior \\ Likelihood Posterior "CDF"
F & 1 0 45000 1 1 1.9148E-19 | \ 4
14 2 0 45000 1 1191919 [ 4.0924E-19
15 3 0 45000 1 1.383838 [ B.6043E-19 ‘E _
16 4 i 45000 1 1575758 [ 1.7797E-18 £ q i
17 g i 45000 1 1 T6TETT [ 3.6212E-18 ;
g 5 i 45000 1 1.0950506 | 7.2487E-18 [ / -
1 7 i 45000 1 2151515 [1.4274E-17 . '
20 ] 0 45000 1 2.343434 | 2.7653E- o
1] N\ ] 0 45000 1 2.535354 | 52700017 P w
22 N0 0 45000 1 2727273 BE-17
23 T O 45000 1 2.9 1.8224E-16

M« » w4 Demo Data sis 4 Beta Dist / Resamnpling Tab ) Bayesian Updating / G& Solver / output generations / warnings /|« | |
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Bayesian Updating Approach (Method 2)

2. Calculate “LIKELIHOOD” distribution
» “Updated Parameter Distribution Table” and 2-D Diagram

B C D E F G H | J K L fl & |
5 ] 45000 10 20 Step 4 LIKELIHOOD Ming
B 0 45000 K] 5 Step 5 P EE
T 1 1 100 100 Phest estimated
g 2 2 2 2
] You re updating the parameters 1 st time: LIKELIHOOD s finished, |
10 P
11 Updated Parameter Distribution Table / \ Prior
12 8=A 8,=8 B=p B4=q Prior Likelihood Posterior CDF distribution
13 0 45000 1 1 1.9148E-1 I
14 0 45000 1 1191919 [ 4.0924E-18 n \
15 0 45000 1 1.383838 | 8.6043E-J3 o \ 5

[ O0.04-0.06

16 0 45000 1 1.575758 [1.7797E) 3 ol \ &
17 0 45000 1 1767677 [ 262129018 i
18 0 45000 i 1.956506 | 72487018 i BO0.02-004
18 0 45000 1 2151615 [ 1. 427417 i
20 0 45000 1 2343434 | 2 TREPE-17 I
21 0 45000 1 2.535354 | 4. 27T00E-17 a0 o0-0.02
22 0 45000 1 2727273 9.880@5-1? I
23 0 45000 1 2.919192 1.822'5—15 1] ]
24 0 45000 1 311111 3.308‘5-15 I . .
25 i 45000 1 3.30303 | 5.9024E-15 0 leellhoh\
25 0 45000 1 3.494849 [ 1.0368E-15 0 4 distribution
27 0 45000 1 2.686869 [1.7909E15 0 y 4
28 0 45000 1 3.878788 3.0429‘-15 1] =
28 0 45000 1 4 070707 5.[!8?3!‘15 I 2 oo-0.2 w0204
30 0 45000 1 4. 262626 8.36?2ﬂ15 1] T
El] 0 45000 1 4 454545 [ 1.3530E8 4 ol J 3
32 0 45000 1 4. 646465 2.1549E—\4 1] I O0.4-06 O0B-08
a3 0 45000 1 4838384 [ 2.3744E1% o /
34 0 45000 1 6.030303 | 5. 1952E-1 1] 5
38 0 45000 1 5222227 | 78T76E-14
36 0 45000 1 A.414141 | 1.1744E-13 \
T n AR000 1 A FNROR 1 7298172
4 4 » N[\ Demo Data £ Faiure Data 4 Data Analysis £ BetaDist £ Re g Tab  Bayesian Updating £ GA Solver output gener atil
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Bayesian Updating Approach (Method 2)

3. Calculate “POSTERIOR” distribution
» “Updated Parameter Distribution Table” and 2-D Diagram

B c | o | E F G H I J K L [ N
5 ] 46000 3 5 Step 5 POSTERIORl M g ] 45000 | 3818182 | 7.1414142
7 1 Boast estimated i 45000 | 3.080909 | 5.6060606
a 2
] You're updating ihe parameters 1 st ime: POSTERIOR Is finished.
10
11 Updated Parameter Distribution Table Prior
12| B4=A A.=RB H:=p Ba=q Prior Likelihood Posterior | "CDF" distribution
13 0 45000 1 1 1.9149E-19 0 [ 0
14 0 45000 1 1191918 | 4.0824E-19 0 y 4 ‘ 0
15 0 45000 1 1.38358368 | 8.6043E-19 o fo AV 5

2 00.04-0.06

16 0 45000 1 1.575758 | 1.7787E-18 il F o \ L
17 i 45000 1 1767677 | 3.6212E-18 [y AT 0\
18 i 45000 1 1.959586 | 7.2487E-18 y 0 0\ m0.03-0.04
19 i 46000 1 2161616 [ 1.4374E-17 0 0\
20 i 45000 1 2.343434 | 27653617 0 0\
21 i 45000 1 2536354 | 5.2701E-17 J i 0 0\ @0-0.02
22 i 45000 1 2727273 | 9.8806E-17 Jo [ i )
23 i 45000 1 2919182 | 1.8224E-16 i [ i
24 i 45000 1 3111111 | 3.3067E-16 i 0 i o
25 0 45000 1 3.30303 | 5.9024E-16 0 0 0 Likelihood
26 0 45000 1 3.494948 | 1.0365E-15 0 0 0 distribution
a7 0 45000 1 3.686868 | 1.7805E-15 0 [ 0
28 i 45000 1 3.878788 | 3.0429E-15 i 0 i =
79 i 45000 1 4.070707 | 5.0873E-15 i 0 i K mo-02 w0204
an i 45000 1 4.7R3A26 | 8.3672E-15 i 0 i T
Ell i 45000 1 4.454545 | 1.3638E-14 0 0 0 3
3z i 45000 1 4.646465 | 2.1649E-14 i 0 i O04-06 O0E08
a3 i 45000 1 4.838384 | 3.3744E-14 i 0 i
34 i 45000 1 5.030303 | 5.1882E-14 i [ i
35 i 45000 1 5222222 | 7.8776E-14 i [ i [ Jux-
36 i 45000 1 5414141 [ 1.1744E-13 i 0 i
ki 0 45000 1 5606061 | 1.7225E-13 0 [ 0
kB 0 45000 1 578798 | 2.46852E-13 0 [ 0 .
kL] 0 45000 1 5.089899 | 3.5275E-13 0 0 0 Posterior
40 i 45000 1 f.181818 | 4.9257E-13 i 0 i distribution
41 i 45000 1 F.373737 | B.7GB4E-13 | I 0 i
42 i 46000 1 f.5R5657 | 9.1439E-13 o 0 i
43 i 45000 1 B.757576 | 1.2156E-12 A 1 0 i
44 i 45000 1 £.9409485 | 1.5889E-12 0 i
45 i 45000 1 7141414 | 2.0455E-12 [ i
46 i 45000 1 7.333333 | 2.5881E-12 i [ i
47 i 45000 1 7525253 | 3.2239E-12 o\ 0o [
48 0 45000 1 7717172 | 3.9481E-12 i \ O
49 0 45000 1 7.908081 | 4.75689E-12 0 NGO
50 0 45000 1 210101 [56417E-12 0 N g
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3. Calculate “POSTERIOR?” distribution (Cont’d)

Bayesian Updating Approach (Method 2)

» Updated “PRIOR source”

= Best estimated (most probable) parameters (peak piof
posterior distribution)

» Means and stand. deviations of parameters; Obtainedy
sampling posterior 5000 times

» Ranges (min, max) of parameters
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B ¢ | D | E G H | J K L | M

1 1 THEORY PROCEDURE Reset PRIOR source 1
4

. 91:ﬂ 9225 93=p 5'4:(.]' StEp 1 FW 91 = 92 =58 93— \94: [f)
3 1] 1] 1 1 Step ? L / L 1] 45000 2080527 (8.3 52
4 1] 45000 1 1 Step 3 PRIOR/ T 1] 1] 0200531 D.446T5‘D\
5 1] 45000 10 20 Step 4 LIKELIHC‘OD Mirg 1] 45000 2363636 [ 3. 6368687
B 1] 45000 3 ] Step 5 POSTERIBQ\ L E= 1A 1] 45000 3818182 T.14141y
7 1 1 100 100 B best estimated 1] 45000 3.090809 | 5 6064506
2 2 2 2 2
] You re updating the parameters 1 &t tme:

4 b H[\., Demo Data # Failure Data # Data Analysis £ Beta Dist 4 Resampling Tab % Bayesian Updating / G4 Solver /  output generations  / warnings / Jil | ﬂ
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Bayesian Updating Approach (Method 2) !

3. Calculate “POSTERIOR?” distribution (Cont’d)

= PDF and CDF of Failure Probability and Its Bounds gampling
posterior 5000 times)

Probability Density Function {PDF)
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Summary

Two methods have been presented to
estimate statistics of Time Between

Failures (TBF) using limited, censored
data

e Censored MLE approach (Method 1)
e Bayesian updating approach (Method 2)

v “Enhances” data with expert opinion
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Y

Potential Developments In
Durability, Reliability,
Avallability and Maintainability
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Y

Comp.

Comp.n

System (Vehicle) Reliability

PDF |

1 MTBE  TTF

PDF |

O

Second Software
Demonstration

Vehicle
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Histogram System (Vehicle) AN

Oakiand Vehicle| _ n
TTF Reliability
<— Mc_)nte C_arlo
Simulation
t:
R(t)
=K For Vehicle :
SR Reliability MTBE :jR(t)dt
L )
R, iR AR
| | |
PR -
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Y

Reliability Allocation

Specifysystem (vehicle) reliability

Optimization

Determine required reliability of EACH component

N

This optimization problem DOES NOT
have aunique solution
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Reliability Allocation

One way to get a unigue solution is to trade-off
reliability and associated cost

: Target system
min Cost reliability

Bcomp

s.t. Yystem Reliability =R

D By varying R' , we get the so called “Pareto Bntier.” 1
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oo Reliability vs Risk of Failure (Cost)

g
|

We want to maximize Reliability and simultaneously
minimize Risk of failure (cost)

2
CZE o Utopia
2 Pt Q L
) (Q’&
nd Pareto Front
t
R \&\

Feasible Domain

Cost
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P, Putting it All Together !!!

Minimum-Failure-Free-Operating

: Period
Uptime Dowlntlme / |
) R } MEEOP /Fallure
r— < > = L
0 time

Pyrror : Probability of
achieving MFFOP

Determine component hazard ratedo:
» Max Reliablility

> Min Cost Availability = _ E|Uptime] _
— E[Uptl me]+ E[Downtl me]

» Max Avallability

» Max MFFOP

Multi-Objective
> ... Optimization
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